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1. INTRODUCTION

Operating in Euclidean N-space, N > 2, we shall use the following
notation: x = (X ,..., Xy), (X, ¥) = X, ¥, -+ - + Xy Vx| X | = (x, X)}/2, and
ax + By = (ax; + BYy ooy axy + Byy). B(x, r), r > 0, will designate the open
N-ball with center x and radius r and Ty = {x: —7 < x; <m,j = 1,..., N}
will designate the N-dimensional torus.

For fin LXYTy) and m an integral lattice point, we shall set

fAm) = @y [ eimaf) d.

A (Ty) will designate the class of finite Borel measures on Ty, and, for p
in .#(T,), we shall set

pom) = @y [ e du().

For ¢ > 0, we introduce the function

H(x, t) — Z ez‘(m,x)—\m|t/l m iz (1_1)

m##0
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and observe from [7, Lemma 8] that

lin% H(x, 1) =+ H(x) exists and is finite for x in £y — {J {27m}:
m
e

(1.2)
l}p& HQ2zm, t)y == H2mm) = - w.
We also observe from this reference that the following hold:
H(x) — | x [*/2N is harmonic in Ey — () {27m}; (1.3)
there are positive finite constants by and b, such that
sup | H(x) — by [ x PV <lby for N 3.
inTy-0
\ VN (1.4)
sup | H(x) — by log(l/i x| < by for N = 2;
xinTy—-0

H(x) is in LYTy),
H(m) = | m |2 for m 0, and H~(0) == 0. (1.5)

Let Z C Ty be a set closed 1n the torus topology. Following the classical
concepts concerning capacity theory and in view of (1.3) and (1.4), we shall
say Z is of ordinary capacity zero if

" J H(x — ) dp(x) dp(y) = -+

YTy YTy

for every nonnegative p in #(Ty) of total mass one having its support
contained in Z, i.e., w(Z) =1 and w(Ty — Z) = 0.

In view of [3, pp. 3 and 24], we shall say an analytic set 4 C T is of
ordinary capacity zero if every set Z C A which is closed in the torus topology
is of ordinary capacity zero.

Next for fin LYT)), we shall set

flx, 1) =Y f(m) ettrm—lomt for 7 >0 (1.6)

i

and refer to f(x, ¢) as the Abelian means of /. We observe that for fixed x°,
f(x° ¢)is in C*(0, o) as a function of 7. Consequently, following the classical
terminology (see [8, p. 83]) we shall say the Fourier series of fis absolutely
Abel summable at x° if

J'l | 6f(x0, £)fet | dr < oo. (1.7)

It is easy to see that if (1.7) holds, then lim,_, f(x%, 1) exists and is finite.
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Motivated by the one-dimensional work of Beurling (see [5, pp. 47 and 49]
and [1]), we intend to establish the following two theorems connecting
absolute Abel summability with ordinary capacity.

THEOREM 1. Let Z C Ty be closed in the torus topology, and let f be in
LY(Ty). Suppose that

i) X.lmElfrmP? <+
and

(i) [o!&f(x, )t | dt = +oo for x in Z.

Then Z is of ordinary capacity zero.

THEOREM 2. Let Z C Ty be closed in the torus topology and suppose that
Z is of ordinary capacity zero. Then there exists an [ in LYTy) with
S im 2| fr(m)|? < 4 o0 such that

[1ofte oyer | di = 4o forxinZ.
Y0

(For Theorem 2, see also [6].)

It is easy to see that for f in LYTy), the set {x:x in Ty and
f; L6f (x, t)/ot | dt = + o0} 1s a Gy-set in the torus topology. Consequently,
we obtain as an immediate corollary to Theorem 1, the following corollary.

COROLLARY 1. Letfbein LNTy) and suppose thaty ., | m 2] f~(m)}? < co.
Then the Fourier series of f is absolutely Abel summable except possibly on
a set of ordinary capacity zero.

It is also easy to show using Theorem 1 that under the same hypothesis
as Corollary 1, the Fourier series of f is spherically convergent except possibly
on a set of ordinary capacity zero. We leave the proof of this fact to the
interested reader.

2. PROOF OF THEOREM 1

In order to prove Theorem 1, we set

Gx, 1) =Y etma-imiflm | for t >0, Q.1

m=0
and establish the following facts:

lg’% G(x, t) = G(x) exists in Ey ; (2.2)

640/10/4-2
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G(x) is continuous in

Ey— \J{2mm; and  GQmm) = +oo; (2.3)

m

G(x) is in LY(T)y), and for t => 0, G(x, t) is the Abelian means of G;  (2.4)

G(x) + oy = 0 for x in Ey where

ay =2+ Inax | G(x, D; (2.5)
1
f | 6G(x, t)jot | dt < G(x) + ay  for xin Ex. (2.6)
]

In the sequel, we shall also use the notation ¢G(x, #)/ot = G(x, 1).
In order to establish (2.2), we first observe from (2.1) and [2, p. 32] that
fort >0

_Gt(x’ t) — Z pilm,x)—~|m|t

m=+0

= yny Ht2 4+ | 2mm 4 x [0 ]

n

Q2.7

where v is a positive constant.

Given x° in Ey — U, {2am}, we see from (2.7) that there exists A, = 0
such that | Gy(x, )| is uniformly bounded for x in B(x° A,) and 0 << ¢ < 1.
Consequently, G(x, t) satisfies a uniform Cauchy criterion as ¢ — 0 for x in
B(x% hy), and both (2.2) and (2.3) are established for x in Ey — U, {27m}.
Obviously, lim,_, G27m, t) = - o0; so (2.2) and (2.3) are entirely established.

To establish (2.4), we observe from (2.7) that there is a constant K such
that

[Gx, 1) + yyt( + [ x V2 < K (2.8)

forxin Ty —0and 0 < r < 1.
Observing that G(x, 1) is a continuous periodic function in E,, we
conclude from (2.8) that there is a constant K’ such that

LG(x, 1) — yy(N — D72 4 [ x )I-N2 ] < K 29)

forxin 7y —0and 0 <t <C 1.
From (2.9), we obtain that

[G(x, O] <K'+ yp(N — D7 x [V (2.10)

for xinTy —0and 0 < ¢ < 1.
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Observing first that the expression on the right side of the inequality in
(2.10) is LY(Ty) and next from (2.2) that G(x, t) > G(x) for x in Ty — O as
t — 0, we conclude from (2.10) that

G(x)is LYTy) (2.11)
and, furthermore, that

J‘ | G(x, 1) — G(x) dx->0 as t— 0. (2.12)
Y

Equation (2.11) is the same as the first part of (2.4). Also (2.1), (2.11),
and (2.12) imply that G*(m) = | m | for m 5% 0 and G~(0) = 0. This gives
us the second part of (2.4), and (2.4) is completely established.

To establish (2.5), we observe from (2.7) that for x in Ey and 0 <<¢ < 1

G(x, 1) — G(x, 1) = (1 — 1) = yn(N — 1)? Z {(#2 + [ 2mm - x |B)A-M)/2

m

— (0 L | 2mm L ox PN, (2.13)

We conclude from (2.13) that for x in Ey and 0 <<t < 1,
G(x, 1) — G(x, 1) + (1 — ) = 0. But then we have from (2.2) that

Gx)—Gx,1)+1=0 for xin Ey. (2.149)

Observing once again that G(x, 1) is a continuous periodic function, we see
that (2.5) follows immediately from (2.14).
To establish (2.6), we observe from (2.7) that for x in Ey and ¢ > 0,

| G(x, 1)} <2 — Gyx, 1). (2.15)

Consequently, we conclude from (2.2), (2.3), and (2.15) that
1
J | Gyx, ) dt <2 + G(x) — G(x, 1) (2.16)
0

for x in Ey . Equation (2.6) follows immediately from (2.16).

We are now ready to prove the theorem. Assume to the contrary that Z
has positive ordinary capacity. Then it follows that there is a non-negative
Borel measure p in #(7Ty) such that

wW2Z) =1 and @(Ty—2)=0 2.17)

and, furthermore, such that

[ ] H — 5y du) du(y) < +oo. (2.18)
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Next, we observe from condition (i) in the hypothesis of the theorem
that there exists F in L%(Ty) such that

Fr(m) = | m | f~(m) for every m. (2.19)
It follows from (1.6) that for ¢ > 0,
flx 1) = = Y [m | fAm) etmar-imi, (2:20)

e

From (2.7), (2.19), and (2.20), we conclude that for ¢ > 0,

fdx, 1) = m)N fT F(3) Gix — y, 1) dy.

But then
J| s ora < @m [ TFON ([ G — o di] .

From (2.5) and (2.6), we in turn obtain from this last fact that

|| 14 Dldt < @my™ | 1FON (GG = ) + and dy,
and we conclude that
[ 1 11 de] dto
z 0
<@ [ FOI [ 66 =) + axl duta)| dr. @21
Ty z )
Next, we observe from (2.1)-(2.5), (2.7), and (2.9) that for x and z in 7,

[ 166 —5) + GG —») & anl dy

N

=lm | [G(x —y, 1) 4 anllGz — p, 1) + an]dy. (2.22)

On the other hand, an easy computation using (2.1), (1.1), and (1.2)

shows that the expression on the right side of the equality in (2.22) is equal
to Qm)N [H(x — z) + ap?l.

We, consequently, conclude from this fact, (2.22), and Fubini’s theorem

that
J,

N

[ 166 =) + anl dut)|” dy

= @mV fz fz [H(x — 2) + an?] du(x) du(z). (2.23)
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From (2.18) we have that the expression on the right side of (2.23) is
finite. We, consequently, conclude from (2.23) that

f _[G(x — 3) + o] du(x) s in L(T). (2.24)

Next, we combine (2.19) with (2.24) and conclude from (2.21) and
Schwartz’s inequality that

fz U; [ filex, D) dt] dp(x) < +-o. (2.25)

On the other hand, we have from condition (i) in the hypothesis of the
theorem and from (2.17) that

[ 1 o) ] ) = oo 226

Equations (2.25) and (2.26) are mutually contradictory. Consequently,
Z must be of ordinary capacity zero and the proof of the theorem is complete.

3. PROOF OF THEOREM 2

With H(x) defined as in (1.2), we see from (1.3) and (1.4) that there is a
positive constant », such that

H(x) + 9y =1 forall xin Ty. (3.1
We set
B(x) = Hx) + 71y (3.2)

and observe in particular that

DN0) = > 0,
w (3.3)
D N(m) = | m |2 for m 0.
Next, we set
@(x’ t) — Z @A(m) ei(.m,m')~[m|t (3_4)

m

and observe from (2.1) and (3.3) that for ¢ > 0

D (x, 1) = —G(x, 1). (3.5)
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From {7, p. 56 (17)], we see that if a periodic function is nonnegative on
Ty, its Abelian means are also nonnegative on 7, . As a consequence of
this fact, (2.5), (3.5) and the mean value theorem. we conclude that for
t >0and xin Ty,

0 = D(x, 1) = D(x) -+ ant, (3.6)

where ay is the positive constant in (2.5).
It follows from (3.3), (3.4), (3.6), and Fatou’s lemma that if p is a non-
negative measure in .#(7Ty) then

[ @G — 5 dut) du(y) = @mps T @) | prm)z. (37)

N TN m

We designate the double integral on the left side of the equality in (3.7)
by I(u).

To establish the theorem, let Z C 7', be a set closed in the torus topology
and of ordinary capacity zero. By B7(x, p), we designate the open N-ball
with center x and radius p in the torus topology, i.e., for x in Ty,
B(x, p) = {y 1y in Ty and there exists ¥" such that ¥’ = y mod 2« in each
variable and | x — y' | < p}.

Next we let {B7(x, p) : x in Z} be an open covering of Z in the torus
topology. For each p with 0 < p <C I, we extract a finite subcovering which
contains the least number of balls B”(x, p). We define Z, to be the closure
in the torus topology of the union of the balls making the selected finite
sub-covering.

For each p, with 0 <<p <1, Z, has positive Lebesgue measure and,
therefore, positive ordinary capacity. Using the techniques given in the
theorem in [4, p. 33], it follows from (1.3) and (1.4) and from (3.1) and (3.2)
that there exists a nonnegative measure p, in # (7 ) of total mass one having
its support in Z, such that the equilibrium potential

Ux) = [ @ — ) dpe(»)

is a continuous periodic function in E, taking a constant value on Z,.
Furthermore, it follows that this constant value is equal to I(u,) where

) = | [ P —5) dps) dis(). (3.8)

Since each u, has total mass one, it follows from weak * convergence that

lim I(p,) = - 0. (3.9)
20
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For otherwise, there would exist a nonnegative measure u in #(7Ty) of total
mass one having its support in Z and such that

[, [ @6 =) du) du(y) <+,

which is clearly a contradiction to the fact that Z has ordinary capacity
zero (see (3.2) and the definition given in Section 1).

Next, we introduce the real Hilbert space G(Ty). We say fis in O(Ty) if f
is a real-valued function in L*(7T) such that

1 £1e =X [fAm)2 | @(m)~* < + 0. (3.10)

Clearly C(TY) is a real Hilbert space where the inner product (f, g), is given
by

(f, 8o = Y f(m) g(—m) | D~(m)]~".

As mentioned above the equilibrium potential U, (x) which is defined
for all x by the integral

U = [ B — ) dpua() (3.11)

is such that

Ux) =Ip,) forxinZ,, (3.12)

where I(u,) is defined in (3.8).
Also, since u, has its support in Z, , we see from (3.11) that

U, A(m) = Qm)N &(m) p,"(m). (3.13)
Consequently, it follows from (3.7), (3.8), (3.10), and (3.13) that
[ U, 1% = I(w,). (3.14)
Next, using (3.9) we select a sequence {p(j)};=, such that

Ip,p)j* =+ as j— o0, (3.15)

and we set

Slx) = 21 Uo7 U (o). (3.16)
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Since O/(Ty) is a Hilbert space with respect to the norm |, given in
(3.10), it follows from (3.14) and (3.16) that there is an fin Z/(T+) such that

[ —Jf"e—0 as  k — oo, (3.17)
Also it follows from (3.3) and (3.10) that

Y I mEIm 2 < oo (3.18)

ki3

To complete the proof of Theorem 2 we need only show
a1
J L ef(x, 1)jét | dt = 400 for x in Z. (3.19)
0

Since | f(x, 1) — f(x, 1) < ﬁ L ef(x, s)/es | ds, (3.19) will follow once we
show
lg{%f(x, t) == -+ for x in Z. (3.20)

In order to establish (3.20), we observe from (3.3), (3.10), and (3.17) that

J‘ ) — f(X)2dx—> 0 as k- oo (3.21)

Ty
Next, we set for t >0

P(X, t) — Z ei(m,x)wimif (322)

e

and observe from (2.7) that P(x,t)= —G,(x, )+ 1. Consequently, it
follows from (2.7) that for fixed positive ¢, P(x, t) is a continuous periodic
function of x. Furthermore, we have from (1.5) and (3.22) that

S ) = @mN [ A = 2) POy 1) dy (3.23)

We conclude, consequently, from (3.21) and (3.23) that

%‘i_;g_f}ﬁ(x, t) = fix, 1) for xin Tyand r > 0. (3.24)

Next, we recall that w,;) 1s a nonnegative measure in .#(7y). Conse-
quently, it follows from (3.1), (3.2), (3.11), and (3.16) that for each positive
integer k&

0 < filx) << fraa() for xin Ty . (3.25)
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From (2.7) and (3.22), we see that for t >0, P(x,t) >0 for x in T .
We obtain, therefore, from (3.23) and (3.25) that for x in Ty and ¢ > 0,

Silx, 1) < fra(x, 1) for k=1,2,... (3.26)
From (3.24) and (3.26), we finally obtain
flx, 1) = fulx, D) forxinTy, t >0, and k=1,2... (327

Next, recalling the definition of Z ;) , we see that if x° is in Z, there
exists B7(x°, r) with r > 0 such that B7(x°% r) C Z,(; . Also it follows from
(3.12) that U, takes the constant value I(u,(;) in B7(x° r). Consequently,
we obtain from [7, p. 56] that U, ;(x° t) — I{p,») as t — 0. We conclude
from (3.16) that

k

lim fi(x, 1) = ). U(po)]?/j* for xin Z. (3.28)

j=1

From (3.27) and (3.28), we next obtain that
k
lim ionff(x, 1) =Y, ()] )3 forxinZandk =1, 2,.... (3.29)
IS o

But (3.20) follows immediately from (3.15) and (3.29), and the proof of
the theorem is complete.
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